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We introduce two operational entanglement measures which are applicable for arbitrary multipar-
tite (pure or mixed) states. One of them characterizes the potentiality of a state to generate other
states via local operations assisted by classical communication (LOCC) and the other the simplicity
of generating the state at hand. We show how these measures can be generalized to two classes of
entanglement measures. Moreover, we compute the new measures for pure few-partite systems and
use them to characterize the entanglement contained in a three-qubit state. We identify the GHZ-
and the W-state as the most powerful pure three-qubit states regarding state manipulation.
PACS numbers: 03.67.Mn, 03.67.Bg
Entanglement is of paramount importance in many
fields of science. Due to its existence, applications such
as teleportation, quantum computation, quantum sim-
ulation, and quantum error correction, to name a few,
are feasible [1]. Moreover, the application of entangle-
ment theory in other fields of science, most prominently
condensed matter physics, has opened new routes to-
wards the understanding of quantum many-body systems
[2]. Due to its importance, an enormous effort has been
made to qualify and quantify multipartite entanglement.
Different entanglement classes have been identified and
several entanglement measures have been introduced [3].
Some of them originated from analyzing the potential-
ity of a state for a particular realization of an applica-
tion, such as the localizable entanglement [4], some oth-
ers arose from the generalization of classical correlation
measures, such as the generalization of the squashed en-
tanglement [3, 5].
Despite these results, we are still far from completely
understanding multipartite entanglement. The lack of
knowledge stems on the one hand from the fact that the
number of non-local parameters scales exponentially with
the number of subsystems and, on the other hand, from
the fact that the operations which are central in the in-
vestigation of entanglement, the local operations assisted
by classical communication (LOCC), are notoriously dif-
ficult to be analyzed in general [6]. The importance of
LOCC in this context is due to the fact that LOCC cor-
responds to those operations which can be implemented
without consuming entanglement. This implies that en-
tanglement is the resource to overcome the restriction
to LOCC and that the sole condition a function has to
fulfill to be a valid entanglement measure is that it is non-
increasing under LOCC [3], [20]. For the bipartite case a
simple criterion for pure state transformations via LOCC
has been presented [7]. These results do not only allow
to identify the state |Φ+〉 ∝∑i |ii〉 as the maximally en-
tangled state, which can be transformed into any other
bipartite state deterministically via LOCC, but also al-
lowed to introduce new entanglement measures. Due to
the existence of different SLOCC classes in the multi-
partite setting [8, 9], i.e. the existence of pairs of states
which cannot even probabilistically be transformed lo-
cally into each other, there does not exist a single state
which is the optimal resource to overcome LOCC. This is
why a set of states, the maximally entangled set (MES)
of n subsystems, MESn, has to be considered [10]. It is
the minimal set of states from which any fully-entangled
n-partite state can be obtained via LOCC.
In order to quantify entanglement, possible LOCC
transformations among multipartite states have to be
further investigated with the intention to identify new
operational entanglement measures. This is precisely the
aim of this paper. We introduce operational entangle-
ment measures for multipartite states (pure or mixed)
of arbitrary dimensions [21]. As we are going to show,
the measures can be easily computed whenever all pos-
sible LOCC transformations are known, as in the case
of pure states describing few-partite systems [7, 11] [22].
The operational character of the new measures allows to
prove very easily that they are indeed non-increasing un-
der LOCC and admits a generalization to two classes of
entanglement measures.
We outline how to compute the new measures for bi-
partite pure states of arbitrary dimensions. For pure
three-qubit systems we derive explicit formulas for them
and show that they, together with some well-known bi-
partite measures, allow us to completely characterize the
entanglement contained in the state in an operational
way. This characterization shows that the W- and GHZ-
state are the most useful tripartite states regarding state
manipulation.
Throughout this paper, σx, σy, σz denote the Pauli op-
erators and 1l the identity operator. When studying pos-
sible LOCC transformations we always consider represen-
tatives of Local Unitary (LU)-equivalence classes, as LUs
do not alter the entanglement contained in a state and
can obviously always be applied to a state. We say that a
state |Ψ〉 can reach a state |Φ〉 if there exists a LOCC pro-
tocol which transforms |Ψ〉 into |Φ〉 (deterministically).
In this case |Φ〉 is accessible from |Ψ〉.
Let us now introduce the new operational entangle-
2ment measures. For a given state, |Ψ〉, we denote by
Ma(|Ψ〉) the set of states which can be accessed via
LOCC from |Ψ〉 and by Ms(|Ψ〉) the set of states which
can reach |Ψ〉. The following two magnitudes occur
then naturally in the context of possible LOCC trans-
formations: the source volume, Vs(|Ψ〉) = µ[Ms(|Ψ〉)],
which measures the amount of states that can be used to
reach the state |Ψ〉 and the accessible volume, Va(|Ψ〉) =
µ[Ma(|Ψ〉)], which measures the amount of states that
can be accessed by |Ψ〉 via LOCC. Here, µ denotes an
arbitrary measure in the set of LU equivalence classes.
The underlying idea is that if a state |Ψ〉 can be reached
by many states, i.e. if Ms(|Ψ〉) is very large, then the
state is not very powerful as any state in Ms(|Ψ〉) could
be used for the same purpose and for possibly more ap-
plications. On the other hand, if the accessible set is very
large the state is very valuable, as it can be used for any
potential application of any state in Ma(|Ψ〉).
Due to the operational meaning of Ma and Ms, it is
easy to construct now operational entanglement mea-
sures. In order to do so we first show that Ma (Ms)
can only become smaller (larger) under LOCC, respec-
tively. Consider a state |Ψ〉 and any state |Φ〉Ψ which is
accessible from |Ψ〉 via LOCC. As any state in Ms(|Ψ〉)
can first be transformed via LOCC into |Ψ〉 and then
to |Φ〉Ψ, it is obvious that Ms(|Φ〉Ψ) contains Ms(|Ψ〉).
That Ma(|Φ〉Ψ) ⊆ Ma(|Ψ〉) can be easily verified not-
ing that any state which can be reached from a state
|Φ〉Ψ can in particular be reached from a state that
can reach |Φ〉Ψ. Hence, any properly normalized and
rescaled measure of these sets is indeed an entangle-
ment measure, i.e. it does not increase under LOCC.
A possible choice would be Ea(|Ψ〉) = Va(|Ψ〉)/V supa and
Es(|Ψ〉) = 1 − Vs(|Ψ〉)/V sups , where V supa (V sups ) denote
the maximally accessible (source) volume according to
the measure µ. Note that these operational entangle-
ment measures are applicable to arbitrary multipartite
systems of any dimension. Moreover, these are valid en-
tanglement measures for mixed states. Note further, that
Ms(|Ψ〉) = ∅ (implying that Vs(|Ψ〉) = 0) iff the state |Ψ〉
is in the MES, as these are the only states which cannot
be reached by any other state [10]. We elaborate on how
this measures can be computed in case of few-partite pure
states below.
The notion of these entanglement measures can be gen-
eralized in the following way. Considering a n-partite
state, |Ψ〉 ∈ ICd1 ⊗ · · · ⊗ ICdn , one can also measure its
entanglement by (i) the amount of (n− k)-partite entan-
gled states one can reach from |Ψ〉, for k ≥ 1, or (ii) by
the amount of reachable states in ICd
′
1 ⊗ · · · ⊗ ICd′n , where
at least one of the local dimensions, d′i, is reduced. Simi-
larly, one can generalize the notion of the source volume
to a whole class of entanglement measures by relating not
only elements of the same Hilbert space.
We are going to use now these quantities and the pre-
viously obtained results on possible LOCC transforma-
tions [7, 11, 13] in order to quantify the entanglement
contained in few-body pure states. Let us start by con-
sidering the bipartite case. We consider without loss of
generality two d level systems. It is well known that a
state |Ψ〉 can be transformed into a state |Φ〉 via LOCC
iff λΨ is majorized by λΦ, i.e λΨ  λΦ, where λΨ de-
notes the vector containing the eigenvalues of the single
party reduced state of |Ψ〉 [7]. As the state is normalized,
any vector λΨ belongs to a d-dimensional simplex. It has
been shown that the set S(y) = {x ∈ IRd|x  y} is the
convex hull of d! points obtained by permuting the com-
ponents of y [14]. Hence, in this parameter space and
using the Lebesgue measure, the source and accessible
volume of a state |Ψ〉 are given by the volume of S(λΨ)
and A(λΨ) = {x ∈ IRd|λΨ  x} respectively (up to a con-
stant factor, see [15]). In [15] we present closed formulas
for Es and its generalization. Moreover, we present an
algorithm to determine Ea for arbitrary dimension and
present explicit formulas for low dimensions, for which
the new measures can be used to completely characterize
the Schmidt coefficients.
Let us now present a complete characterization of en-
tanglement of an arbitrary pure three-qubit state. In
order to understand how the measures Ea and Es are
defined in this case we give a few remarks. First, we
only consider the source and accessible volumes of gen-
uinely entangled three-qubit states (i. e. we do not take
into account biseparable states). Second, when we con-
sider LOCC incomparable families of states such as the
W and GHZ SLOCC classes, there is a freedom in choos-
ing different measures µ1 and µ2 to compute the volumes
for the different families without compromising the be-
haviour under LOCC of the entanglement measures. We
exploit this freedom out of mathematical convenience.
Last, even when considering LOCC comparable states,
there exist states for which the corresponding source or
accessible states are in manifolds of different dimension-
ality. Hence, if we use the same measure µ in both cases,
this would assign a zero value to the accessible or source
volumes of certain states even though they can indeed
reach or be reached by other states, leading to a too
coarse grained classification. Even though this would be
a legitimate choice, we choose to use here a finer classi-
fication by choosing different measures to compute the
volumes whenever the corresponding manifolds have dif-
ferent dimensions. Note that this choice, in contrast
to the afore mentioned one, allows to compare the rel-
ative strength of states whose volumes have the same
dimensionality. It should be clear however, that a state
with e.g. a non-vanishing 4-dimensional accessible vol-
ume is infinitely more powerful than a state with a 3-
dimensional accessible volume.
Up to LUs, any state in the W-class can be written as
[10, 13]
|Ψ(~x)〉=√x0 |000〉+√x1 |100〉+√x2 |010〉+√x3 |001〉 , (1)
3where x1, x2, x3 > 0, x0 ≥ 0 and
∑3
i=0 xi = 1. Note that
any state |Ψ(~x)〉 can be represented by the correspond-
ing vector ~x = (x1, x2, x3) within a three-dimensional
simplex S3 (see Fig. 1) [13]. As shown in [13], |Ψ(~x)〉 can
be transformed into |Ψ(~y)〉 via LOCC iff xi ≥ yi, ∀i ∈
{1, 2, 3}. Due to that, it can be easily verified that the
MES in the W-class, the W-MES, is the set of states with
x0 = 0. These states cannot be obtained from any other
state, but any state in the W-class can be obtained from
some state with x0 = 0 [10].
Within the parameter space explained above, the ac-
cessible volume and the source volume of an arbitrary
state |Ψ(~x)〉 can be easily shown to be (see also Fig. 1)
Va(|Ψ(~x)〉) = x1x2x3, Vs(|Ψ(~x)〉) = x
3
0
6
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FIG. 1: (color online). Any state |Ψ(~x)〉 is uniquely repre-
sented by ~x in the interior of the simplex S3. The source
(tetrahedron) and the accessible (cuboid) volume of |Ψ(~x)〉
are depicted. The light surface corresponds to the states in
the MES. Biseparable (fully separable) states, for which ex-
actly one (at least two) xi is (are) zero, are represented by
points on the white surface of S3, respectively.
As mentioned above, it follows already from their def-
inition that the corresponding measures, Ea(|Ψ(~x)〉) =
27Va(|Ψ(~x)〉) and Es(|Ψ(~x)〉) = 1 − 6Vs(|Ψ(~x)〉), are en-
tanglement measures. A fact that can be particularly
easily verified for the W-class using Eq. (2) and that
no xi can be increased via LOCC. Note that the W-
state maximizes both new measures, with Ea(|W 〉) = 1
and Es(|W 〉) = 1. Hence, the W-state is the state
that reaches the most other states deterministically via
LOCC. It can therefore be regarded as the most useful
state in the W-class.
Let us now characterize the entanglement contained in
a state in the W-class. Due to the simplicity of this class,
only bipartite entanglement measures, e.g. the three bi-
partite entanglement between party i and the remaining
parties, measured with e.g. the squared concurrence [16],
Ci(|Ψ(~x)〉) = 4xi(1 − xi − x0), are required to uniquely
characterize the state (up to LUs). However, one could
also employ the new measures and any of the bipartite
measures for this purpose. In fact, as any three measures
of the set {C1(|Ψ〉), C2(|Ψ〉), C3(|Ψ〉), Ea(|Ψ〉), Es(|Ψ〉)}
are independent, we have that a state in the W-class is
uniquely determined by any three of these operational
entanglement measures.
Note that for any state in the W-MES it holds that
Vs(|Ψ(~x)〉) = 0. Moreover, for these states we have
Ci(|Ψ(~x)〉) = 4xi(1 − xi). Hence, they can be easily
characterized by any two of these bipartite measures or
by any bipartite measure and Ea(|Ψ(~x)〉). Note that the
characterization via operational entanglement measures
of arbitrary states in the W-class presented here can be
easily generalized to n-qubit systems [15].
Let us now investigate the more complicated GHZ-
class. A state in the GHZ-class can be written (up to
LUs) as [10]
|Ψ(g, z)〉 = g1x ⊗ g2x ⊗ g3xPz |GHZ〉 , (3)
with (gix)
†gix =
1
21+giσx, gi ∈ [0, 1/2) ∀i, g = (g1, g2, g3),
Pz = diag(z, 1/z), z ∈ C with |z| ≤ 1. As shown in [10],
a state is in GHZ-MES iff z = 1 or z = i and either non
of the gi’s vanishes or all of them vanish, corresponding
to the GHZ-state.
In [11] the necessary and sufficient conditions for
the existence of a LOCC transformation from a state
|Ψ(g, z)〉 to another state |Ψ(h, z′)〉 were obtained. As
shown there, the absolute value of z can be changed by
LOCC independently of the other parameters only if at
least one of the parameters gi vanishes, in which case
|z| can be arbitrarily decreased. As in this case different
LOCC transformations are possible, we treat the cases
(A) gi 6= 0 for all i and (B) at least one of the parame-
ters gi vanishes separately.
Let us first consider case (A). Expressing the condi-
tions for the existence of a LOCC transformation [11]
from |Ψ(g, z)〉 to |Ψ(h, z′)〉 (see Eq. (3)) we obtain
(i) gi ≤ hi ∀i,
(ii)
g1g2g3
h1h2h3
=
Re(z′2)
|z′|4 + 1
|z|4 + 1
Re(z2)
=
Im(z′2)
|z′|4 − 1
|z|4 − 1
Im(z2)
.
Note that cond. (ii) constitutes generically two in-
dependent equalities. However, in case the numerator
and/or the denominator of one ratio vanishes, different
conditions have to hold (see [17]).
We present now a characterization of the entanglement
contained in an arbitrary state in the GHZ-class.
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FIG. 2: (color online). The source (shaded volume) and ac-
cessible (cuboid) volume of the state |Ψ〉 with parameters
g1 = 0.22, g2 = 0.26, g3 = 0.32 and z = 0.1e
i2.68 are de-
picted. The states in the MES, which fulfill cond. (ii) are on
the light area.
For this purpose we first consider states which are nei-
ther in GHZ-MES nor any gi vanishes, i.e. case (A) with
z 6= 1, i. The other cases are treated below. The accessi-
ble and the source volume are given by (see [17])
Va(|Ψ(g, z)〉) = (1/2− g1) (1/2− g2) (1/2− g3) , (4)
Vs(|Ψ(g, z)〉) = G(1+fz[log (fz) (1−1
2
log (fz))−1]),(5)
with fz =
2|Re(z2)|
1+|z|4
and G = g1g2g3 (see Fig. 2).
We show in [17] that Ea(|Ψ(g, z)〉) = 8Va(|Ψ(g, z)〉)
and Es(|Ψ(g, z)〉) = 1 − 8Vs(|Ψ(g, z)〉) together with
the three bipartite entanglement measures and one ad-
ditional bit, that provides information about a specific
state in the source set, uniquely determine the five pa-
rameters z = reiφ, g1, g2, g3 and therefore uniquely char-
acterize the entanglement of the states up to complex
conjugation (taken with respect to the computational ba-
sis) and LUs [23] (see [17] for details).
In [17] we show that the states where at least one gi
vanishes can be treated similarly and that there the en-
tanglement of the states is uniquely determined by the
five operational entanglement measures.
It remains to consider the states in GHZ-MES, which
constitute a three parameter family. In this case only
cond. (i) and the first equation in cond. (ii) have to be
fulfilled, which implies that only one parameter of the ac-
cessible states is fixed via cond. (ii). Hence, for |ΨMES〉,
a state in MES3, we obtain the four dimensional acces-
sible volume
Va(|ΨMES〉) =
∫
1/2
g1
∫
1/2
g2
∫
1/2
|g3|
∫
1
√
H
G
−
√
(HG )
2
−1
drdh3dh2dh1, (6)
with G = g1g2 |g3| , H = h1h2h3. Putting the lower
limits in Eq. (6) to zero we find V supa = 1/8. As the
GHZ-state fulfills gi = 0 ∀i we have Ea(|GHZ〉) = 1 and
therefore the GHZ-state is the state which reaches the
most other states deterministically. The entanglement of
a state in GHZ-MES, for which Vs(|ΨMES〉) = 0, can
be similarly easily characterized as it was possible in the
W-class (see [17]).
In summary, we have introduced two novel classes of
operational entanglement measures, which are applica-
ble to arbitrary multipartite pure or mixed states. We
then demonstrated how these measures can be computed
for the simplest pure multipartite case (three qubits) and
showed that they can be used to completely characterize
the entanglement contained in a three-qubit state. In [15]
the new measures and its generalizations are determined
for the bipartite setting of low dimension and the four-
qubit case. It would be interesting to develop further
the analysis of LOCC convertibility among mixed states
in order to compute our measures in this case. Besides
that and further extensions of this approach (e. g. ap-
proximate LOCC transformations, multi-copy case), it
would also be appealing to connect our measures with
different quantum information protocols and condensed-
matter phenomena, which we leave for future research.
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Supplemental Material
In this Supplemental Material we derive all formulas for
the source and accessible volume for the states in the
GHZ-class and prove the unique characterization of the
entanglement of these states with our set of measures.
THE SOURCE AND ACCESSIBLE VOLUME OF
STATES IN THE GHZ-CLASS
In this section we derive the formulas for the accessible
and source volume of states in the GHZ-class. We will
distinguish subsequently generic states, defined as those
states that are not inMES3 and for which no gi parame-
ter vanishes, from non-generic ones. The reason for that
is, as mentioned in the main text, that generic and non-
generic states allow for different LOCC transformations.
This fact is also reflected in the dimensionality of the two
measures, that varies for generic and non-generic states.
For generic states the source and accessible volume are
always three-dimensional, whereas for non-generic states
the volumes can be up to four-dimensional. For exam-
ple the accessible volume of states in the MES is four-
dimensional and the source volume is equal to zero.
In order to improve readability we summarize here the
necessary and sufficient conditions for state transforma-
tions from [1], where one has to distinguish the following
cases.
I. For states with non-vanishing gi, hi parameters
the necessary and sufficient conditions for the ex-
istence of a LOCC transformation from |Ψ(g, z)〉 to
|Ψ(h, z′)〉 are given by
(i) gi ≤ hi ∀i,
(ii)
g1g2g3
h1h2h3
=
Re(z′2)
|z′|4 + 1
|z|4 + 1
Re(z2)
=
Im(z′2)
|z′|4 − 1
|z|4 − 1
Im(z2)
.
As stated in the main text, cond. (Iii) constitutes
generically two independent equalities. However,
we have to distinguish the following different cases
when the numerator and/or the denominator of one
ratio vanishes.
• In case both the numerator and the denomina-
tor of one ratio vanish, one has to ignore the
corresponding equality and only the remaining
equality has to be satisfied.
• If only the denominator or the nominator (but
not both) vanishes, additional conditions have
to be satisfied. These are: if Re(z2) = 0 also
Re(z′2) has to vanish; if Im(z2) = 0 either
Im(z′2) = 0 or |z| = 1, and if |z| = 1 then
either |z′| = 1 or also Im(z2) = 0 has to be ful-
filled. Note that a state with Im(z2) = 0 and
|z| = 1 is a state in the MES.
II. For states with vanishing gi, hi parameters we have
to distinguish the following two cases.
1. The necessary and sufficient conditions for the ex-
istence of a LOCC transformation from |Ψ(g, z)〉
(with g arbitrary) to a state with at least one
vanishing parameter, i.e. |Ψ(h : ∃i : hi = 0, z′)〉,
read
(i) gi ≤ hi ∀i,
(ii) r ≥ r′.
2. The necessary and sufficient conditions for
the existence of a LOCC transformation
from a state with vanishing parameters, i.e.
|Ψ(g : ∃i : gi = 0, z′)〉, to a state with non-
vanishing parameters, i.e. |Ψ(h : hi 6= 0∀i, z′)〉,
are given by
(i) gi ≤ hi ∀i,
(ii) r = 1,
(iii) z′ = r′eiφ
′
, with φ′ = π/4, 3π/4 and r′ arbi-
trary.
In the subsequent subsections we use these criteria to
determine the source and accessible volume.
Generic states in the GHZ-class
Let us start with the determination of the two
measures for generic states in the GHZ-class. The
expressions for the volumes of generic states, i.e.
Va(|Ψ(g, z)〉), Vs(|Ψ(g, z)〉) are given in the main text in
Eqs. (5)-(6). In order to improve readability we restate
the expressions here,
Va(|Ψ(g, z)〉) = (1/2− g1) (1/2− g2) (1/2− g3) , (7)
Vs(|Ψ(g, z)〉) =G(1+fz[log (fz) (1−1
2
log (fz))−1]), (8)
6with fz =
2|Re(z2)|
1+|z|4
and G = g1g2g3 and 0 log(0) = 0.
We start with the derivation of the accessible volume
of |Ψ(g, z)〉, using conditions (Ii) and (Iii). Solving the
two equations in cond. (Iii) determines the parameter
z′ = r′eiφ
′
of |Ψ(h, z′)〉. We find that the parameter z′
of all states in Ma(|Ψ(g, z)〉) has to fulfill
tan(2φ′) =
r′4 − 1
r′4 + 1
bz
az
, r′4± =
n
d
±
√(n
d
)
2
− 1, (9)
where we used the notation az =
2Re(z2)
|z|4+1
, bz =
2 Im(z2)
|z|4−1
, n = b2z − a2z + 2H
2
G2 , H = h1h2h3, d = a
2
z + b
2
z.
Note that from Eq. (9) we would get two possible solu-
tions for φ′ ∈ [0, π], namely φ′ and φ′ + π/2, for every
possible value of r′. However, from cond. (Iii) and the
fact that G/H is always positive it follows that the sign
of Re(z2) (Im(z2)) has to be the same as the sign of
Re(z′2) (Im(z′2)). Thus, only one of the two solutions
for φ′ is valid. Furthermore, the absolute value r′ of the
complex number z′ has to be real, hence the expression
under the square root in Eq. (9) has to be greater than
or equal to zero. Using that |az| ≤ 1 ∀z, one can easily
see that this is satisfied by all hi’s which fulfill the neces-
sary cond. (Ii), i.e. hi ≥ gi ∀i. We obtain two solutions
for z′, namely z′+ = z
′ and z′− = 1/z
′, for each possible
combination of parameters hi, fulfilling the inequalities
in cond. (Ii). However, a state with parameters hi and z
′
+
is LU-equivalent to a state with parameters hi and z
′
−,
i.e.
∣∣Ψ(h, z′+)〉 LU≃ ∣∣Ψ(h, z′−)〉 [1]. Thus, we count only
one solution for z′. Hence, the volume of states reachable
via LOCC from |Ψ(g, z)〉 is computed as
Va(|Ψ(g, z)〉) =
∫ 1/2
g1
∫ 1/2
g2
∫ 1/2
g3
dh3dh2dh1. (10)
The result of this simple integral is given in Eq. (7). It is
easy to see that the supremum of the accessible volume
for generic states is given by V supa = 1/8, where one sim-
ply sets the lower limits in all three integrals to zero. Note
that for the special cases where cond. (Iii) constitutes a
single equation, we obtain the same accessible volume as
in Eq. (10), as can be easily seen taking into account
that also in this case two parameters are determined.
That is for states with either Re(z2) = Re(z′2) = 0,
Im(z2) = Im(z′2) = 0 or |z| = |z′| = 1 (excluding the
states in the MES) the accessible volume is also given by
Eq. (7).
Now we can move on to the source volume. Let us first
consider the case where Re(z2) 6= 0 and Re(z′2) 6= 0.
To determine Vs(|Ψ(g, z)〉) we need to interchange the
parameters in cond. (Iii) and cond. (Ii), i.e. hi is inter-
changed with gi and z is interchanged with z
′. Then the
parameter z′ of states in Ms(|Ψ(g, z)〉) has to fulfill
tan(2φ′) =
r′4 − 1
r′4 + 1
bz
az
, r′4± =
n
d
±
√(n
d
)2
− 1, (11)
where we used the same notation as before and consider
only one solution for φ′ as explained above. Again the
expression under the square root in Eq. (11) has to be
greater than or equal to zero. In contrast to before, not
all values of hi fulfilling cond. (Ii), i.e. hi ≤ gi ∀i, are
allowed. Thus, we cannot set the lower limits of the in-
tegral over the hi to zero, but we have to find the correct
lower limits via the condition
(
n
d
)2 − 1 ≥ 0. Simplify-
ing this inequality shows that the states corresponding
to the lower limits of the integral are states in the MES,
i.e. z′ = 1, i, which obtain |Ψ(g, z)〉 deterministically. In
Fig. 3 in the main text these states lie on the intersec-
tion of the gray area with the red cuboid. Furthermore,
the hi parameters of these states in the MES satisfy the
following equation
h1h2h3 =
2Re(z2)g1g2g3
1 + |z|4
1
Re(z′2)
≡ |az|G, (12)
i.e. cond. (Iii). Thus, the source volume of states that can
be converted deterministically into a given state |Ψ(g, z)〉
via LOCC is given by
Vs(|Ψ(g, z)〉) =
∫ g1
|az|G
g2g3
∫ g2
|az|G
h1g3
∫ g3
|az |G
h1h2
dh3dh2dh1. (13)
The result of the source volume is given in Eq. (8) (with
fz = |az|). It is again easy to see that the supremum of
the source volume for generic states is given by V sups =
1/8, where one sets the lower limits of the three integrals
to zero and the upper limits to 1/2.
It remains to compute the source volumes for states with
Re(z2) = 0 (and hence also Re(z′2) = 0). In this case
cond. (Iii) constitutes a single equation. It can be shown
that this equation is fulfilled for all hi ≤ gi. Hence, the
source volume is given by
Vs(|Ψ(g, z :Re(z2)=0)〉=
∫ g1
0
∫ g2
0
∫ g3
0
dh3dh2dh1 = G, (14)
with G = g1g2g3. Note that one would obtain the same
result using Eq. (8), as in this case fz = 0. Hence, also
the supremum of the source volume stays the same, i.e.
V sups = 1/8.
Non-generic states in the GHZ-class
As mentioned in the main text, non-generic states in
the GHZ-class have to be treated separately. For states
in MES3 the source volume is equal to zero and the
integral for the accessible volume is given in the main
text in Eq. (8). It is a four-dimensional volume, as only
the parameter φ is determined by cond. (Iii).
Here, we derive the accessible and source volume of
non-generic states in the GHZ-class where at least one
of the gi parameters is equal to zero. These states have
to fulfill different necessary and sufficient conditions for
deterministic LOCC conversions than generic states, es-
pecially cond. (Iii) does not have to be fulfilled. Note
7that these states are LU-equivalent to their complex con-
jugate, as we can choose the z parameter to be real. One
can simply apply a local unitary on the qubit with the
vanishing gi parameter, leading to a vanishing phase of
the parameter z, i.e. z = r ∈ (0, 1] [4]. Thus, for states
with vanishing parameters we will write in the following
simply r instead of z.
Let us first consider the source volumes of states with
vanishing parameters, i.e. gi = 0 for some i ∈ {1, 2, 3}.
To determine Vs(|Ψ(g : ∃i : gi = 0, r)〉) we again have to
interchange the parameters in cond. (II(1)i) and cond.
(II(1)ii), i.e. hi is interchanged with gi and r
′ is inter-
changed with r. From cond. (II(1)i) it follows that if
gi = 0 for some i ∈ {1, 2, 3} then also hi = 0 for the
same i. Furthermore, it follows from cond. (II(1)ii) that
if r = 1 then also r′ = 1. Thus, in order to compute the
source volume of |Ψ(g, z)〉 we have to distinguish differ-
ent cases, depending on the number of vanishing param-
eters and on r being or not being equal to one. Here, we
consider first the case r 6= 1.
(1) If exactly one of the gi parameters is equal to zero
(gi = 0 for exactly one i ∈ {1, 2, 3}), the source vol-
ume is given by
Vs(|Ψ(g, r)〉) =
∫ gj
0
∫ gk
0
∫ 1
r
dr′dhkdhj
= gjgk(1− r), (15)
for j 6= k 6= i. The supremum of the source volume
can be easily computed putting the upper limits of
gj , gk to 1/2 and the lower limit of r to zero leading
to V sups = 1/4.
(2) If exactly two of the gi parameters are equal to zero
(gi = gj = 0 for i 6= j, i, j ∈ {1, 2, 3}), the source
volume reads
Vs(|Ψ(g, r)〉) =
∫ gk
0
∫ 1
r
dr′dhk = gk(1− r), (16)
for j 6= k 6= i. The supremum of the source volume
is computed in the same way as in case (1) leading
to V sups = 1/2.
(3) If all of the gi parameters are equal to zero (g1 = g2 =
g3 = 0), the source volume reduces to the following
one-dimensional integral
Vs(|Ψ(g, r)〉) =
∫ 1
r
dr′ = (1− r), (17)
with V sups = 1.
Thus, depending on the number of gi parameters being
equal to zero the states either have a three-, two- or one-
dimensional source volume.
Let us now consider the remaining case r = 1. Then
also r′ has to be equal to one and therefore, has to have a
fixed value for the states in the source set. Thus, the di-
mension of the source volume decreases by one. In more
detail we find for gi = 0 for exactly one i ∈ {1, 2, 3}
and r = 1, that Vs(|Ψ(g, r : r = 1)〉) =
∫ gj
0
∫ gk
0 dhkdhj =
gjgk, for gi = gj = 0 for i 6= j, i, j ∈ {1, 2, 3} and
r = 1, that Vs(|Ψ(g, r : r = 1)〉) =
∫ gk
0
dhk = gk and
for g1 = g2 = g3 = 0 and r = 1 the state is the
GHZ-state, which has a vanishing source volume, i.e.
Vs(|GHZ〉) = 0.
Now we derive the accessible volume of states with van-
ishing gi parameters, i.e. gi = 0 for some i ∈ {1, 2, 3}.
We again have to distinguish different cases, depending
on the number of vanishing gi’s and on r being or not
being equal to one. Let us start also here with the de-
termination of the accessible volume of states |Ψ(g, r)〉
with r 6= 1. Recall that in this case conditions (II(1)i)
and (II(1)ii) have to hold. Hence, we have:
(1) If exactly one of the gi parameters is equal to zero
(gi = 0 for exactly one i ∈ {1, 2, 3}), then as r 6= 1
the accessible states have to fullfill hi = 0 and hence,
the accessible volume is given by
Va(|Ψ(g, r)〉) =
∫ 1/2
gj
∫ 1/2
gk
∫ r
0
dr′dhkdhj
= (1/2− gj)(1/2− gk)r, (18)
for j 6= k 6= i, with V supa = 1/4.
(2) If exactly two of the gi parameters are equal to zero
(gi = gj = 0 for i 6= j, i, j ∈ {1, 2, 3}), then only
states with either hi = 0 and hj ∈ [0, 1/2) or hj = 0
and hi ∈ [0, 1/2) can be reached and the accessible
volume reads
Va(|Ψ(g, r)〉) = 2
∫ 1/2
0
∫ 1/2
gk
∫ r
0
dr′dhkdhj
= (1/2− gk)r, (19)
for j 6= k 6= i, with V supa = 1/2. Note that the factor
of 2 is due to the fact, that we can choose either hi
to be equal to zero and hj ∈ [0, 1/2) or the other way
around.
(3) If all of the gi parameters are equal to zero (g1 =
g2 = g3 = 0), then the accessible states have to have
at least one vanishing hi, i.e. hi = 0 for some i ∈
{1, 2, 3} and hence the accessible volume is given by
Va(|Ψ(g, r)〉) = 3
∫ 1/2
0
∫ 1/2
0
∫ r
0
dr′dh3dh2
= 3/4r, (20)
with V supa = 3/4. The factor 3 in front of the integral
is again due to the fact that we can choose any hi for
some i ∈ {1, 2, 3} to be equal to zero, while the other
two parameters can have any value between 0 and
1/2.
8Let us now discuss the accessible volume of states with
vanishing parameters and r = 1. These states fulfill cond.
(II(2)ii) and can therefore reach all states |Ψ(h, z′)〉 ful-
filling cond. (II(2)i) and cond. (II(2)iii). Hence, the ac-
cessible volume of |Ψ(g, r : r = 1)〉 where at least one of
the gi’s is equal to zero is given by
Va(|Ψ(g, r: r=1)〉) = 2
∫ 1/2
g1
∫ 1/2
g2
∫ 1/2
g3
∫ 1
0
dr′dh3dh2dh1
= 2(1/2−g1)(1/2−g2)(1/2−g3).(21)
Note that the factor of 2 in front of the integral is due to
the fact, that φ′ = π/4 or φ′ = 3π/4 (see cond. (II(2)iii)).
The supremum of the accessible volume is then given by
V supa = 1/4. Note that these states, similar to the states
in the MES, have a four-dimensional accessible volume,
which is a subset of the accessible volume of the GHZ-
state. The accessible volume of the GHZ-state is given by
Eq. (21) with g1 = g2 = g3 = 0, i.e. Va(|GHZ〉) = 1/4.
Furthermore, the GHZ-state is the only state in the MES,
that reaches states with a vanishing hi parameter deter-
ministically. This can be easily seen considering cond.
(II(1)i). The condition implies that we can only increase
the gi’s via LOCC. Hence, the GHZ-state is the only
state in the MES, that can reach a state with a van-
ishing parameter, as all other states in the MES have
non-vanishing gi parameters.
Let us summarize here the new measures we have found
for states with vanishing gi’s. We start with states ful-
filling r 6= 1.
(a) For a state |Ψ(g, r)〉 with one vanishing parameter,
i.e. gi = 0 for exactly one i ∈ {1, 2, 3}, we find
Ea(|Ψ(g, r)〉) = 4(1/2− gj)(1/2− gk)r, (22)
Es(|Ψ(g, r)〉) = 1− 4gjgk(1− r), (23)
with i 6= j 6= k and a three-dimensional accessible
and source volume.
(b) For a state |Ψ(g, r)〉 with two vanishing parameters,
i.e. gi = gj = 0 for i 6= j, i, j ∈ {1, 2, 3}, the new
measures are given by
Ea(|Ψ(g, r)〉) = 2(1/2− gk)r, (24)
Es(|Ψ(g, r)〉) = 1− 2gk(1 − r), (25)
with i 6= j 6= k, a three-dimensional accessible volume
and a two-dimensional source volume.
(c) For a state |Ψ(g, r)〉 with three vanishing parameters,
i.e. g1 = g2 = g3 = 0, the measures in terms of the
fourth parameter r read
Ea(|Ψ(g, r)〉) = r, (26)
Es(|Ψ(g, r)〉) = r, (27)
with a three-dimensional accessible volume and a
one-dimensional source volume.
For states with vanishing parameters and r = 1 we find
the following new measures.
(a) For a state |Ψ(g, r : r = 1)〉 with one vanishing pa-
rameter, i.e. gi = 0 for exactly one i ∈ {1, 2, 3} the
measures are given by
Ea(|Ψ(g, r : r = 1)〉) = 4(1/2− gj)(1/2− gk), (28)
Es(|Ψ(g, r : r = 1)〉) = 1− 4gjgk, (29)
with i 6= j 6= k, a four-dimensional accessible volume
and a two-dimensional source volume.
(b) For a state |Ψ(g, r : r = 1)〉 with two vanishing pa-
rameters, i.e. gi = gj = 0 for i 6= j, i, j ∈ {1, 2, 3} we
get
Ea(|Ψ(g, r : r = 1)〉) = 2(1/2− gk), (30)
Es(|Ψ(g, r : r = 1)〉) = 1− 2gk, (31)
with i 6= j 6= k, a four-dimensional accessible volume
and a one-dimensional source volume.
(c) The state |Ψ(g, r : r = 1)〉 with three vanishing pa-
rameters, i.e. g1 = g2 = g3 = 0 is the GHZ-state,
with
Ea(|GHZ〉) = 1, (32)
Es(|GHZ〉) = 1, (33)
a four-dimensional accessible volume and an empty
source volume.
UNIQUE CHARACTERIZATION OF THE
ENTANGLEMENT OF STATES IN THE
GHZ-CLASS
In this section we present the details of the proof that
we can uniquely characterize the entanglement contained
in a state in the GHZ-class with the help of the two new
operational entanglement measures, three bipartite en-
tanglement measures and an additional bit value b. The
reason for this additional bit is that at most two states
|Ψ(g, z1)〉 and |Ψ(g, z2)〉 are compatible with the five en-
tanglement measures. Comparing the bipartite entan-
glement of two specific states that are in the source set
of |Ψ(g, z1)〉 and |Ψ(g, z2)〉, respectively, and are both in
the MES, allows to uniquely identify the state of interest.
That is, the entanglement of |Ψ(g, z)〉 can be uniquely
characterized (up to complex conjugation [5]) by the bit
value b and the following set of operational entanglement
measures [6],
{C1(|Ψ〉), C2(|Ψ〉), C3(|Ψ〉), Es(|Ψ〉), Ea(|Ψ〉)}. (34)
We will again distinguish between generic and non-
generic states in the GHZ-class, as non-generic states al-
low for different LOCC operations and furthermore, the
dimensionality of the measures changes, as shown in the
previous section.
9Uniqueness of generic states in the GHZ-class
Here we want to show in more detail that the five mea-
sures and the bit value mentioned above uniquely define
the entanglement of generic states |Ψ(g, z)〉 in the GHZ-
class. The outline of the proof is as follows. We first ex-
press the three parameters g2, g3, cos(2φ) in terms of the
three bipartite measures Ci(|Ψ(g, z)〉), g1 and r. Then
we insert the expressions for g2 and g3 (they do not de-
pend on r) in the expression of Ea(|Ψ(g, z)〉). Solving
this equation is equivalent to finding the roots of a func-
tion depending solely on g1. As this function is strictly
decreasing in g1, there exists a unique solution for g1.
Thus, also g2 and g3 are uniquely defined, as they de-
pend solely on g1. Inserting the solutions for the gi’s in
the expression for cos(2φ) (which now solely depends on
r) and using Es(|Ψ(g, z)〉), we obtain an equation for r.
One can show that this equation has at most two solu-
tions for r and corresponding solutions for φ. This leads
to at most two generic states in the GHZ-class compati-
ble with the five entanglement measures in Eq. (34). We
distinguish between these two states with the help of a
bit value b, as described below.
Let us now elaborate on this derivation. The bipartite
measures, corresponding to the squared concurrences, in
terms of the parameters of |Ψ(g, z)〉 read
Ci(|Ψ(g, z)〉) = 4r
4(1− 4(gi)2)(1 − 16(gj)2(gk)2)
(1 + r4 + 16r2gigjgk cos (2φ))2
. (35)
Note that for the sake of simplicity we denote in this proof
all bipartite measures with Ci instead of Ci(|Ψ(g, z)〉).
Using for instance the equation for C2 we get
cos(2φ)=
1
16g1g2g3r2
(36)
(
2√
C2
(
√
(1−4(g2)2)(1−16(g1)2(g3)2)r2)−1−r4).
Note that from Eq. (36) we would obtain two solutions
for φ ∈ [0, π], namely φ0 and π−φ0. However, these two
solutions correspond to |Ψ(g, z)〉 and its complex con-
jugate, which cannot be distinguished with the help of
operational entanglement measures [2], being calculated
by just considering the state itself. Inserting Eq. (36)
into the equations for C1 and C3 leads to the following
equations
C1 =
C2(1− 4(g1)2)(1 − 16(g2)2(g3)2)
(1 − 4(g2)2)(1− 16(g1)2(g3)2) , (37)
C3 =
C2(1− 4(g3)2)(1 − 16(g1)2(g2)2)
(1 − 4(g2)2)(1− 16(g1)2(g3)2) . (38)
Solving these two equations for g2 and g3, using that
g2, g3 ≥ 0, leads to solutions in terms of the third param-
eter g1 given by
g2 =
1
2
√
C1 − C2 + 4(g1)2C3
4(g1)2(C1 − C2) + C3 , (39)
g3 =
1
2
√
C1 − C3 + 4(g1)2C2
4(g1)2(C1 − C3) + C2 . (40)
Inserting these solutions for g2 and g3 into the equation
for the accessible volume, i.e.
Ea(|Ψ(g, z)〉) = 8(1/2− g1)(1/2− g2)(1/2− g3), (41)
results in an equation for the third parameter g1. Thus,
we have to prove, that this equation has a unique solu-
tion for g1. We do so by showing that the first derivative
of Ea is always negative in terms of g1. This assures the
existence of a unique solution for g1. The first deriva-
tive of Ea in terms of g1 reads (with g2, g3 given by Eq.
(39),(40))
E′a(g1) =
4g1(1− 2g1)(1/2− g3)(C21 + C22 − C23 − 2C1C2)
(4(g1)2(C1 − C2) + C3)2g2 +
[−8(1/2 − g2)(1/2− g3)] + (42)
4g1(1− 2g1)(1/2− g2)(C21 + C23 − C22 − 2C1C3)
(4(g1)2(C1 − C3) + C2)2g3 .
Inserting the expressions for the Ci’s from Eq. (35), one
can easily show that all three summands in Eq. (42) are
negative for all valid values of g1, i.e. ∀gi ∈ (0, 1/2).
Hence, the accessible volume, Ea(g1), is strictly decreas-
ing in g1. Up to now we could show that there exists
a unique solution for the three gi parameters using only
the three bipartite measures and the accessible volume.
It remains to prove that the parameters r and φ can be
uniquely determined via the source volume, Es(r), and
an additional bit value. As mentioned before, there exist
at most two generic states which are compatible with all
five entanglement measures in Eq. (34). This is due to the
fact that the source volume in Eq. (8) is a monotonous
function in terms of fz = 2r
2 |cos(2φ)| /(1 + r4) for fixed
values of the gi’s (they are already uniquely defined).
Hence, two states |Ψ(g, z1)〉 and |Ψ(g, z2)〉 with the same
gi parameters have the same source volume iff fz1 = fz2 .
Plugging in the solutions for cos(2φ1) and cos(2φ2) from
Eq. (36) in terms of r1 and r2, respectively, in the equa-
tion fz1 = fz2 and solving for r2 leads to
r2 =
√
1−√1− 4u2
2u
, (43)
with u =
√
C2
(1−4g2
2
)(1−16g2
1
g2
3
)
− r21/(1+ r41) and for u 6= 0.
Note that if u = 0, there exists no solution for r2 and
φ2. The corresponding φ2 parameter is given by Eq.
(36), where we simply plug in the expression for r2 in
terms of r1. We get a valid solution for φ2 if the right
hand side of Eq. (36) is within the range of cos(2φ2).
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Hence, there exist at most two states that are compat-
ible with all five entanglement measures (in case there
exists a valid solution for r2 ∈ (0, 1] and φ2 ∈ [0, π]).
Note that the sign of cos(2φ) for the two states is always
different, i.e. sign(cos(2φ1)) = −sign(cos(2φ2)). Fur-
thermore, we can exclude the case where cos(2φ1) = 0
(i.e. u = 0), as in this case no second state with pa-
rameters r2 and φ2 exists, that would be compatible
to the same five entanglement measures. The source
set and the accessible set of the two states are always
disjoint, i.e. Ms(|Ψ(g, z1)〉)
⋂
Ms(|Ψ(g, z2)〉) = ∅ and
Ma(|Ψ(g, z1)〉)
⋂
Ma(|Ψ(g, z2)〉) = ∅, even though the
density of states in the sets is exactly the same. This
follows from cond. (Iii) and the different sign of cos(2φ)
for the two states. As one can easily see from the first
equation in cond. (Iii), states with a negative (positive)
cos(2φ) can only reach and access states having also
a negative (positive) cos(2φ′), respectively. Moreover,
states with a negative cos(2φ) can only be reached by
states in the MES with z = i, whereas states with a pos-
itive cos(2φ) can only be reached by states in the MES
with z = 1. In order to provide a simple way of identi-
fying the state uniquely, we use now the following nota-
tion. Let |Ψ(g, z)〉 correspond to the five entanglement
measures {C1(|Ψ〉), C2(|Ψ〉), C3(|Ψ〉), Es(|Ψ〉), Ea(|Ψ〉)},
such that there are two solutions compatible with these
entanglement measures, namely |Ψ1〉 = |Ψ(g, z1)〉 and
|Ψ2〉 = |Ψ(g, z2)〉. Here, either z1 = z and z2 such that
fz2 = fz or z2 = z and z1 such that fz1 = fz. With-
out loss of generality we assume that z1 is such that
cos(2φ1) > 0. We define the states |ΦΨ1〉 = |Ψ(h, 1)〉 and
|ΦΨ2〉 = |Ψ(h, i)〉, where h = (g1, g2, fzg3). Note that
both states are in the MES and that |ΦΨ1〉 ∈ Ms(|Ψ1〉)
and |ΦΨ2〉 ∈ Ms(|Ψ2〉). As these two states can be di-
rectly computed from the five entanglement measures
and as their bipartite entanglement is always distinct,
they can be used to identify the state uniquely, as is
shown in the following lemma.
Lemma 1. A generic state |Ψ〉 ≡ |Ψ(g, z)〉 in the GHZ-
class is uniquely characterized (up to LUs and complex
conjugation) by either
(i) the five operational measures
{C1(|Ψ〉), C2(|Ψ〉), C3(|Ψ〉), Es(|Ψ〉), Ea(|Ψ〉)}
or
(ii) the five operational measures
{C1(|Ψ〉), C2(|Ψ〉), C3(|Ψ〉), Es(|Ψ〉), Ea(|Ψ〉)}
together with the bit value of
b =
{
1 if E(|ΦΨ〉) = max{E(|ΦΨ1〉), E(|ΦΨ2〉)}
0 else
with E =
∑3
i=1 Ci.
Note that E(|ΦΨ1〉) = E(|ΦΨ2〉) cannot occur as ex-
plained below. Thus, the five entanglement measures and
the information of whether the corresponding state in the
MES and in the source set of the state has the smaller
or larger sum of bipartite entanglement uniquely char-
acterizes the entanglement contained in the state. Note
that the two cases can of course be combined to case
(ii), as the bit value b is only required if there exists two
states that are compatible with the five entanglement
measures, which can be easily determined as explained
above. Note further that the required bit value could sim-
ply give the information about wether |ΦΨ1〉 ∈ Ms(|Ψ〉)
or |ΦΨ2〉 ∈Ms(|Ψ〉).
Proof. We showed already above that there exist at most
two generic states, which are compatible with all five en-
tanglement measures in Eq. (34). For both of these states
|Ψ1〉 and |Ψ2〉 there exists a unique state in the MES and
in the source set, i.e. |ΦΨ1〉 and |ΦΨ2〉, respectively, with
parameters h = (g1, g2, fzg3). The third parameter h3
is fixed via cond. (Iii). Hence, |ΦΨ1〉 and |ΦΨ2〉 have the
same parameters hi but z is either equal to 1 or to i as
explained above. It is easy to see that the bipartite en-
tanglement, i.e. Ci(|ΦΨ〉) = (1 − 4h2i )(1 − 16h2jh2k)/(1 +
8hihjhk Re(z
′2))2, is always larger for the state |ΦΨ2〉
with z = i, as Re((z = i)2) = −1 and the hi’s are the
same for both states. Hence, also the sum of the bipartite
entanglement of |ΦΨ2〉 is larger, i.e.
3∑
i=1
Ci(|ΦΨ2〉) >
3∑
i=1
Ci(|ΦΨ1〉). (44)
Therefore, it is proven that the five entanglement mea-
sures {C1(|Ψ〉), C2(|Ψ〉), C3(|Ψ〉), Es(|Ψ〉), Ea(|Ψ〉)} and
the defined bit value uniquely characterize the entangle-
ment contained in the state |Ψ(g, z)〉.
Uniqueness of non-generic states in the GHZ-class
Let us now show, that also the entanglement contained
in non-generic states, that are states with vanishing gi
parameters or states in GHZ-MES, can be uniquely char-
acterized via the two new measures and three bipartite
measures. As we will see in all these cases the additional
bit value is not required. Due to the different behaviour
of non-generic states under LOCC we divide this section
into two subsections. The first deals with the unique
characterization of the entanglement of states with van-
ishing parameters (including the GHZ-state) and the sec-
ond with states in GHZ-MES.
Uniqueness of states with vanishing parameters in the
GHZ-class
As we have shown in Sec. I.B, states with vanishing
gi parameters have different expressions for the source
and accessible volume than generic states. The expres-
sion and also the dimension of the volumes depend on the
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number of vanishing parameters. The two new measures
are summarized in Sec. I.B for all different cases. Here,
we show that together with the bipartite measures they
characterize states with vanishing parameters uniquely.
We have to distinguish again between states fulfilling
r = 1 and states fulfilling r 6= 1. The accessible vol-
ume of states with r = 1 is always four-dimensional,
whereas the accessible volume of states with r 6= 1 is
three-dimensional. Furthermore, the source volume of
states with r = 1 has always one dimension less than
the source volume of states with r 6= 1. One can eas-
ily show that for all these states with vanishing param-
eters, the two new measures Ea and Es together with
the three bipartite measures, {Ci}3i=1, uniquely charac-
terize them. In fact knowing the dimension of Ea and
Es allows us to characterize the states using solely the
bipartite measures. For states with r 6= 1 the dimen-
sion of Ea(|Ψ(g, r)〉) is always three, whereas the dimen-
sion of Es(|Ψ(g, z)〉) decreases with the number of van-
ishing parameters, starting from three for one vanishing
gi. For states with r = 1 the accessible volume is al-
ways four-dimensional, while the source volume is again
decreased by one dimension for every additional gi being
equal to zero, starting from dimension two for one van-
ishing gi. Hence, knowing these dimensions, tells us the
number of vanishing parameters and whether r = 1 or
r 6= 1. Furthermore, the order of the bipartite mea-
sures, for example C1(|Ψ(g, z)〉) > C2(|Ψ(g, z)〉) and
C1(|Ψ(g, z)〉) > C3(|Ψ(g, z)〉), reveals which of the three
gi’s are equal to zero. Using this information and plug-
ging in the vanishing parameters into the expression of
the three bipartite measures {Ci(|Ψ(g, z)〉)}3i=1 given in
Eq. (35), allows one to easily solve these equations for
the remaining parameters.
Uniqueness of states in GHZ-MES
In this section we investigate the characterization of
the entanglement of states in GHZ-MES. As mentioned
in the main text, a state |Ψ(g, z)〉 is in this set iff z = 1
or z = i and non of the gi’s vanishes, or it is the GHZ-
state, that was already discussed in the previous section.
The condition z = 1 or z = i is equivalent to z = 1 and
allowing for negative values of g3, i.e. g3 ∈ (−1/2, 1/2).
We will use the latter condition for the following calcula-
tions. As we will show here, the entanglement of a state
in GHZ-MES is also characterized by the five entangle-
ment measures in Eq. (34). However, as the GHZ-MES
constitutes a three parameter family, a more economical
characterization is possible. In particular, we will show
that the three bipartite measures and one additional bit,
that can be easily obtained from Ea, is sufficient. The
reason for that is, that in some instances there exist two
states |Ψ1〉 and |Ψ2〉, which are both compatible with the
bipartite measures. The additional bit is then obtained
via comparing the accessible volume of these two states
|Ψ1〉 and |Ψ2〉. In the following we will discuss this result
in more detail.
In the main text we use the squared concurrences, i.e.
Ci(|Ψ(g, z)〉) = 2(1−tr(ρ2i )), as bipartite measures. Here
we use, for the sake of simplicity, two times the minimum
eigenvalues of the reduced states, i.e. Emini = 2λmin(ρi),
with ρi = trjk(ρMES), j 6= k 6= i, as bipartite mea-
sures. This is always possible, as for two-dimensional
systems, i.e. qubit systems, the entanglement measures
are all monotonous functions of each other. The bipar-
tite entanglement measure in terms of the parameters gi
is given by
E
+/−
i =
(1 ± 2gi)(1 ± 4gjgk)
1 + 8gigjgk
, (45)
with i 6= j 6= k. Depending on the parameters either E+i
or E−i is the minimum eigenvalue, which we denote by
Emini . Our aim is now to prove the following.
Lemma 2. There exist at most two states in GHZ-MES,
|Ψ1〉 and |Ψ2〉, which are compatible with the three bi-
partite measures {Emin1 , Emin2 , Emin3 } (or {C1, C2, C3}).
Hence, for all states |Ψ〉 in GHZ-MES either
(i) {Emin1 , Emin2 , Emin3 } uniquely characterizes the en-
tanglement contained in |Ψ〉, or
(ii) together with {Emin1 , Emin2 , Emin3 } the bit value of
b =
{
1 if Ea(|Ψ〉) = max(Ea(|Ψ1〉), Ea(|Ψ2〉))
0 else
can then be used to uniquely characterize the en-
tanglement of |Ψ〉.
Equivalently to before the two cases can of course be
combined in case (ii). Hence, given the three bipartite
measures and the information of whether the state has
the larger or smaller accessible volume of the (at most)
two states, which are compatible with the bipartite mea-
sures, the state is uniquely defined.
Proof. As mentioned before, depending on the parameter
range of the triple (g1, g2, g3), either E
+
i or E
−
i for i ∈
{1, 2, 3} corresponds to the minimum eigenvalue. More
precisely, we have to distinguish the following cases [7]:
(1) For positive gi’s or for − 12 < g3 < 0 ∧ −g3 < g2 <
1
2 ∧− g32g2 < g1 < 12 the minimum eigenvalues are
{E−1 , E−2 , E−3 }. (46)
(2) For − 12 < g3 < 0 ∧ [(0 < g2 ≤ −g3 ∧ −2g2g3 < g1 <− g22g3 ) ∨ (−g3 < g2 < 12 ∧ −2g2g3 < g1 < −
g3
2g2
)] the
minimum eigenvalues are
{E−1 , E−2 , E+3 }. (47)
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(3) For − 12 < g3 < 0 ∧ 0 < g2 < −g3 ∧ − g22g3 < g1 < 12
the minimum eigenvalues are
{E−1 , E+2 , E+3 }. (48)
(4) For − 12 < g3 < 0 ∧ 0 < g2 < 1/2 ∧ 0 < g1 < −2g2g3
the minimum eigenvalues are
{E+1 , E−2 , E+3 }. (49)
The parameter ranges presented above can be eas-
ily mapped to parameter ranges of the triple
(Emin1 , E
min
2 , E
min
3 ). For instance, (E
−
1 , E
−
2 , E
+
3 ) =
(Emin1 , E
min
2 , E
min
3 ) only if (E
min
1 , E
min
2 , E
min
3 ) ∈ J2 =
{(Emin1 , Emin2 , Emin3 ) : Emin1 +Emin2 +Emin3 > 2}. Simi-
lar parameter ranges for all the other cases can be found.
It can be easily seen that the parameter ranges J1, J3, J4
do not intersect. However, each of them intersects with
J2. If the given triple (E
min
1 , E
min
2 , E
min
3 ) is uniquely
in one of the parameter ranges given above, i.e. if ei-
ther (Emin1 , E
min
2 , E
min
3 ) ∈ Jk(Jk
⋂
J2), for some k ∈
{1, 3, 4}, or (Emin1 , Emin2 , Emin3 ) ∈ J2(J1
⋃
J3
⋃
J4),
then Eq. (45) can be easily inverted. Hence, one
obtains a unique solution for gi, ∀i ∈ {1, 2, 3} and
therefore a unique state which is compatible with
(Emin1 , E
min
2 , E
min
3 ). Otherwise, (E
min
1 , E
min
2 , E
min
3 ) ∈
Jk
⋂
J2, for some k ∈ {1, 3, 4}. Let us assume without
loss of generality that k = 1. In this case one obtains one
solution for (g1, g2, g3) by solving (E
min
1 , E
min
2 , E
min
3 ) =
(E−1 , E
−
2 , E
−
3 ) and another solution is given by the solu-
tion of (Emin1 , E
min
2 , E
min
3 ) = (E
−
1 , E
−
2 , E
+
3 ) [8]. Let us
denote the corresponding states by |Ψ1〉 and |Ψ2〉. Hence,
in this case the bipartite measures are not sufficient to
determine the state uniquely. However, as we will show
next, it can be easily decided which of the two states
corresponds to the state of interest using the accessible
volume. The reason for that is that Ea(|Ψ1〉) 6= Ea(|Ψ2〉)
for any possible two solutions |Ψ1〉 6= |Ψ2〉, which we show
now by comparing the solutions for (g1, g2, g3) for the two
states |Ψ1〉 and |Ψ2〉. To be more precise, recall that the
accessible volume is given by the following integral (see
also Eq. (8) from the main text)
Va(|ΨMES〉) =
∫
1/2
g1
∫
1/2
g2
∫
1/2
|g3|
∫
1
√
H
G
−
√
(HG )
2
−1
drdh3dh2dh1,(50)
with G = g1g2 |g3| , H = h1h2h3. We can choose with-
out loss of generality Emini 6= 1 ∀i ∈ {1, 2, 3} for the
following reason. If all three minimum eigenvalues are
one, the state is the GHZ-state. The case where two are
equal to one and the third is different from one can be
excluded, as then two parameters gi are equal to zero,
which does not correspond to a state in the MES. If ex-
actly one of the bipartite measures is equal to one, one
obtains two valid solutions, but they are the same, i.e.
|Ψ1〉 = |Ψ2〉. For all other valid parameter ranges of
J1
⋂
J2 one can show that the absolute value of the g
1
i
parameters of |Ψ1〉 is always smaller than the absolute
value of the g2i parameters of |Ψ2〉, i.e.
∣∣g1i ∣∣ < ∣∣g2i ∣∣ ∀i ∈ {1, 2, 3}. (51)
Moreover,
√
H
G −
√(
H
G
)2 − 1 is a monotonically increas-
ing function of G. Then, one can show that for the ac-
cessible volume in Eq. (50) we integrate always over a
larger volume for |Ψ1〉 than for |Ψ2〉, as all the lower
limits in the integral are smaller for |Ψ1〉. Therefore,
the accessible volume of |Ψ1〉 is always larger than
the one for |Ψ2〉. One can show exactly the same
if |Ψ1〉 corresponds to the solutions of (g1, g2, g3) ob-
tained by solving (Emin1 , E
min
2 , E
min
3 ) = (E
−
1 , E
+
2 , E
+
3 )
and (Emin1 , E
min
2 , E
min
3 ) = (E
+
1 , E
−
2 , E
+
3 ), respectively.
In all cases the accessible volume of the state |Ψ2〉 is al-
ways smaller. Thus, the defined bit value together with
the three bipartite measures uniquely defines a state in
GHZ-MES, which completes the proof.
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